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Abstract 
The transitive permutation character (1H) G, where G is a group and H ~ G, is said to be 
multiplicity-free if each of its irreducible constituents occurs with multiplicity one. The follow- 
ing result, inspired by Gelfand's (1950) work on Riemannian symmetric spaces, and also 
obtained by Kawanaka nd Matsuyama (1990), is proved using a different method: Let G be 
a 9roup of odd order and z an involutory automorphism of G. Let H = {O ~ G 19 ~ = 9}. Then (lu) ° 
is multiplicity-free. 
1. Introduction 
Let G be a finite group and H a subgroup of G. The transitive permutation 
character (1u) ° is said to be multiplicity-free if each of its irreducible constituents 
occurs exactly once. Such characters arise in the study of centralizer algebras, 
distance-transitive graphs, commutative association schemes, and similar structures 
(see [2]). 
Let H ~< G, and let k be a field of characteristic zero. Let e = IHI-1 ~h~u h be the 
idempotent in kG affording the trivial character 1u of H. The Hecke aloebra ~(G,  H) 
is defined to be the subalgebra ekGe of kG. The multiplicity-free condition on (1H) ° is 
equivalent to the commutativity of ~ (G, H) (see [4, Section 3]). 
We first prove a lemma, modeled after Gelfand's result on locally compact groups 
(see [7] and [9, Section 15.6]), which we now apply to the finite group case. 
It will be convenient o identify kG with the set of functions f :  G ~ k, with the 
element Y. axx of kG corresponding to the function f :  x ~ ax, axe k, x e G. Multi- 
plication carries over to the convolution of the corresponding functions. If f and 
9 are k-valued functions on G, the convolution product is the function f .  9 :G ~ k, 
defined by 
f *o(x)= ~ f(xy)o(y-l), xeG.  
yeG 
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Under this identification, the Hecke algebra ~(G,  H) is isomorphic to the subalgebra 
of k-valued functions on G which are constant on the (H,H)-double cosets of G 
(see [5, Section 11.22]). 
Lemma. Let G be a finite group and H a subgroup of G. Suppose there exists an 
anti-automorphism a of G satisfying (HgH)° = HgH for all g ~ G. Then the Hecke 
algebra W(G, H) is commutative. 
Proof. Let f and g be functions constant on the double cosets, and x,y ~ G. By 
assumption, the elements xy and (xy) ~ = y 'x  ~ lie in the same double coset. Similarly, 
y-1 and (y-1)o = y - ,  represent the same double coset. We now take the convolution 
of f and g and apply the product on x. We have 
f *  g(x) = ~ f (xy )g(y - ' )  
yEG 
~, f((xy)")g((y- ')~) 
yeG 
O Xa -- ~r = ~ f (Y  )g(Y ), 
yEG 
the second equality due to the fact that a preserves the double cosets, and f and g are 
constant on each double coset. 
On the other hand, 
9*f(x°) = Y, g(x'~w)f( w- ')" 
w~iG 
Put y-O = xOw, so that 
g, f  (x°)= ~ g(y ° ) f (y°x" )=f*g(x ) .  
y"~G 
Since x and x ° lie in the same double coset, g* f (x  ~) = g , f (x) .  Hence we get that 
f *  if(x) = g , f  (x). This proves the lemma. [] 
2. The main theorem 
We now prove the main result of this paper. The theorem was proved by the author 
before knowledge of Kawanaka and Matsuyama's [-8] article, where the same result 
was obtained using a different method. 
Theorem. Let G be a group of odd order and ~ an involutory automorphism of G. Let 
H = {g e Gig ~ = g}. Then (ln) 6 is multiplicity-free. 
J.M.P. Balmaceda / Discrete Mathematics 151 (1996) 55 58 57 
Proof. It is enough to prove that the Hecke algebra oW°(G,H) is commutative. Let 
I = {z e G I z '= z - l} .  Then Ill = [G:H]  and each coset of H contains exactly one 
element of I (see [6, Lemma 10.4.1]). Since each (H,H)-double coset contains an 
H-coset, the double cosets are parameterized by a subset {zl} of the set I. 
Consider the composition tr = zt --- zz, where t : G --* G, g' = g- 1. Then tr is an 
anti-automorphism which preserves the (H, H)-double cosets, since for each i, 
(Hz iH)  ~ = H~(z i ) "H  ~ = H(z f  I)'H = Hz iH .  
Hence the lemma applies and the theorem is proved. [] 
Remarks. 1. The same conclusion cannot be made if the group G has even order. 
Consider the automorphism of order two induced by conjugation by an involution. 
The set of fixed points is the centralizer in G of the involution. We look at two 
examples in As. 
(i) Let x = (12) (34) e A 5. Let H = CA, (x). Then n = { 1, (12)(34), (13)(24), (14)(23) }. 
We compute (1,) G and obtain 
(1,) ~ = [5] + [4,1] + 213,2], 
where [4, 1 ] and [3, 2] are the unique characters of degrees 4 and 5 of A 5, respectively, 
and [5] is the character of the trivial representation f As. 
(ii) On the other hand, let y = (12)e $5. Conjugation by y induces an outer 
automorphism of As. Let K = CA~(y). Then K = <(345), (12)(34)>, and we have 
(lr) G = [5] + [4, 1] + [3, 2]. 
2. The referee has pointed out that the theorem gives a proof of the following result 
in Burnside's book [3, Section 66]: I f  G is a group of odd order which admits a fixed 
point free involutory automorphism, then G is abelian. The result is obtained by 
assuming H = { 1 } in the theorem. 
3. The lemma proved before the theorem is useful in other situations. As an 
application we give a short proof of the following known result: Let K be a finite group 
and put G = K x K. Let H = {a,a)la e K}. Then (1,) ~ is multiplicity-free. To see this, 
note that the map p : G ~ G, given by (a, b) p = (b- 1, a-  1) is an anti-automorphism 
of G. Since (a,a) (b- l ,a-1) (b,b)= (a,b) for any a,b e K, the elements (a,b) and 
(b-1, a-1) = (a, b) p lie in the same double coset. Thus p fixes every double coset and 
the lemma applies. 
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